Abstract-Full duplex (FD) communication has emerged as an attractive solution for increasing the network throughput, by allowing downlink (DL) and uplink (UL) transmissions in the same spectrum. However, only employing FD base stations in heterogeneous cellular networks (HCNs) cause coverage reduction, due to the DL and UL interferences as well as the residual loop interference. We, therefore, propose HCNs with half duplex massive multiuser multiple-input multiple-output macrocell base stations (MBSs) to relax the coverage reduction, and FD small cell base stations (SBSs) to improve spectrum efficiency. A tractable framework of the proposed system is presented, which allows to derive exact and asymptotic expressions for the DL and the UL rate coverage probabilities, and the DL and the UL area spectral efficiencies (ASEs). Monte Carlo simulations confirm the accuracy of the analytical results, and it is revealed that the equipping massive number of antennas at MBSs enhances the DL rate coverage probability, whereas increasing FD SBSs increases the DL and the UL ASEs. The results also demonstrate that by tuning the UL fractional power control, a desirable performance in both UL and DL can be achieved.
multiple-input multiple-output (MIMO) with large number of antennas at the base station (BS) enables fine-grained beamforming towards each mobile user (MU), which brings ultra high throughput [3] .
Recently, increasing research has been conducted on fullduplex (FD) communication, which allows transmitting and receiving data simultaneously, within the same frequency band [4] . In theory, FD data transmission is capable of doubling the spectral efficiency of half-duplex (HD) system. However, FD has been previously regarded as hard to be realized in practice due to its high residual selfinterference (SI) problem. Fortunately, the recent advances on SI cancellation, such as antenna separation schemes [5] , beamforming-based techniques [6] , and digital circuit domain schemes [7] , have demonstrated the feasibility of FD transmission for short to medium range wireless communications. For instance, FD transmission can be realized at the access points through shared or separated antenna configurations [8] . In terms of antenna usage, the efficiency of the shared antenna configuration is higher than that of the separated one [9] . Besides, the shared antenna configuration is a promising alternative for separated antenna configuration in short range communications, where the transmit power is low and the antenna isolation requirement is less rigorous compared with medium to long range communication [9] . As a promising candidate for FD technology due to the low transmit power, the SBSs increases network capacity and coverage [10] . As such, leveraging the use of FD technology at the SBSs and massive multiuser MIMO at the macrocell base stations (MBSs) provide a potential solution to improve spectral efficiency of HCNs. [11] presented the coverage probability and area spectral efficiency (ASE) for the downlink (DL) MU in HCNs with multiuser MIMO. It was shown that for a given total number of transmit antennas, it is preferable to distribute the antennas across large number of singleantenna BSs rather than small number of multi-antenna BSs. The work in [11] was extended to [12] , which studied the load balancing strategy, which maximizes the coverage probability. In [13] , it was shown that massive multiuser MIMO BSs and small cells BSs operating in time division duplexing (TDD) mode lead to high area throughput, which can be further improved by installing more BS antennas or deploying more small cells. In [14] , a new massive MIMO cognitive radio system was proposed that employs two cognitive radio base stations at the adjacent sides of each cell to realize a fullspace spectrum sharing. In [15] , a unified UL/DL channel estimation strategy for time division duplex (TDD)/frequency division duplex (FDD) multiuser massive MIMO systems was presented. In [16] , the trade-off between the link reliability and the ASE of HCNs with multiuser MIMO was studied.
A. Related Work 1) Multiuser MIMO in HCNs:
2) FD Communication in Cellular Networks: The performance gains brought by FD transmission in cellular networks have been studied in [17] [18] [19] [20] [21] [22] [23] [24] . Reference [17] concludes that making different tiers operate in different duplex modes in heterogeneous networks enhances the network throughput. In [18] , the ASE was derived for small cell networks with FD, and the self-interference (SI) was shown to be dominant compared to the aggregate interference. It is shown in [19] that small cell in-band wireless backhaul has the potential to increase the throughput of massive multiuser MIMO systems. Li et al. [20] investigated the spectrum and energy efficiency of the massive MIMO-enabled FD cellular networks. In [21] , the rate coverage probability of a massive multiuser MIMO-enabled wireless backhaul networks was evaluated, where each SBS can be configured with either in-band or out-of-band FD backhaul mode. Vu et al. [22] studied the joint in-band backhauling and interference mitigation problem in HCNs, which consists of a massive multiuser MIMO MBS overlaid with self-backhauled small cells. Furthermore, the work in [23] proposed in-band α-duplex scheme in multicell networks with FD operation in each cell, which allows a partial overlap between DL and uplink (UL) frequency bands. The results in [23] demonstrated that the overlap parameter, α, can be optimized to achieve maximum FD gain. In [24] , the cell association problem in multi-tier in-band FD networks was investigated. It is shown that the proposed decoupled cell association, where MUs can be served by different BS in the UL and DL transmission, outperforms the coupled cell association in which MUs associate to the same BS in both DL and UL.
3) Spectral Efficiency and Link Reliability: The two important metrics to evaluate the performance of HCNs, spectral efficiency and outage probability were evaluated in HCNs with wireless power transfer in [25] and [26] . The tradeoff between the ASE and the link reliability was discussed in wireless ad-hoc networks [27] , [28] . In these networks, increasing the density of transmitters affects both link reliability and ASE, therefore the trade-off between them is essential to balance both aspects. The trade-off between the ASE and the coverage probability has been studied in massive multiuser MIMO HCNs [16] and a mixed multi-cell system composed of FD and HD small cells [29] .
B. Motivation and Contributions
The aforementioned literature laid a solid foundation for the feasibility of FD communication in cellular networks. However, operating all the BSs in FD mode is likely to erode the performance gain of the FD communication, since simultaneous DL and UL operations on the same band brings increased interference, and thus reduced coverage. Inspired by the work in [17] , where making different tiers operate in different duplex modes in heterogeneous networks enhances the network throughput, we focus on HCNs, where only small cells operate in FD mode, and the macrocells operate in HD mode. We consider FD deployment at the SBSs, due to low transmit power and low mobility of the associated MUs [10] . However, we note that increasing the FD SBSs increases the ASE of the network, they also increase the interference due to the simultaneous DL and UL transmission on the same band which decreases coverage [29] . In order to compensate this cost, a simple solution is to employ massive multiuser MIMO at the BSs. However, due to the facts that: 1) a more powerful SI cancellation scheme is required to make FD MIMO systems feasible, and 2) the residual interference at each receive chain increase linearly with the number of antennas [30] , we have considered massive multiuser MIMO only at the MBSs. For the proposed HCNs, massive antennas at MBSs ensure coverage over large areas, while SBSs act as capacitydrivers [13] . Furthermore, we employ distance-proportional fractional power control in the UL, which provides coverage improvement to the cell-edge MUs and efficient utilization of MUs' battery [31] , [32] .
The main contribution of this work can be summarized as follows:
• We model the K -tier HCNs with multiuser MIMO MBSs operating in HD mode and SBSs operating in FD mode. We consider only the DL transmission for MBSs, and both DL and UL transmissions for SBSs. We characterize the network interference generating from the distributed FD SBSs and UL MUs for performance evaluation.
• We derive analytical expressions for the DL rate coverage probability, the DL ASE of the macrocells and small cells, the UL rate coverage probability, and the UL ASE of small cells to evaluate the link reliability and spectral efficiency. To examine the impact of massive multiuser MIMO antennas at the MBS, we derive easy to compute expressions for the asymptotic DL and UL rate coverage probabilities, and asymptotic DL and UL ASEs as the number of antennas at the MBSs grows large.
• Numerical results demonstrate the effectiveness of massive multiuser MIMO at the MBSs and the FD SBSs in enhancing the rate coverage probabilities and the ASEs. Moreover, we show that the distance-proportional fractional power control can be tuned to achieve a desirable performance in both DL and UL, where decreasing the power control factor degrades the UL rate coverage probability, but improves the DL rate coverage probability.
C. Paper Organization and Notations
The rest of the paper is organized as follows. In Section II, we discuss the system model of HCNs with multiuser MIMO at the MBSs and FD operation at the SBSs. In Section III, we present the cell association and derive the rate coverage probability and ASE both in the DL and the UL. In Section IV, we evaluate DL and UL rate coverage probabilities and ASEs for the massive multiuser MIMO regime. We present the The notations commonly used throughout the paper are presented in Table I .
II. SYSTEM MODEL

A. Network Model
We consider K -tier HCNs, where the MBSs and the SBSs are spatially located in R 2 , following homogeneous Poisson point process (HPPP), b M and b k with intensity λ b M and λ b k (k = 2, · · · , K ), respectively. We consider massive multiuser MIMO at the MBSs, where each BS is equipped with N antennas, serving U M MUs (1 < U M N), and operates in HD mode. Each SBS is equipped with single antenna, and is transmitting and receiving at the same time in FD mode [33] . All the MUs have single antenna and operate in HD mode. In this work, we focus on the DL performance of the macrocell without pilot contamination, while the SBSs have transmissions in the DL and UL simultaneously due to the FD operation. The performance of the UL transmission of MBSs can be easily analyzed following our analytical framework, where the scheduled macrocell MUs simultaneously transmit to their serving massive multiuser MBS per resource block in the UL [34] . Linear receive filters are then used for UL signal detection. In HCNs with FD small cells, the DL and UL small cell transmissions occur simultaneously by reusing the spectrum of the DL macrocell transmissions due to the full frequency reuse in HCNs [35] . The network is assumed to be fully-loaded, such that each MBS has U M active MUs [11] , [12] , 1 and each SBS serves one active DL MU 1 Here, we limit ourselves to the ideal assumption with the fixed number of U M in each macrocell to ensure equivalent performance at the macrocell MU in each macrocell as in [36] and [37] . We note that in [38] , the probability mass function of the number of users served by a generic BS was derived by approximating the area of a Voronoi cell via a gamma-distributed random variable. However, the result in [38] cannot be applied in this paper, since the Euclidean plane is not divided into Voronoi cells based on the considered cell association methods. We highlight that it is an important work to study the case of the flexible U M following a certain distribution in less-dense scenarios. and one active UL MU in each time instant [24] , as shown in Fig. 1 . Accordingly, the intensity of the active DL MUs in HCNs is λ DL
λ b k , whereas the active UL MUs per tier are modeled by an independent HPPP u k with intensity λ UL u k = λ b k . The analysis will be performed at a typical MU, which is assumed to be at the origin.
B. Channel Model
We model the channel path loss over the distance |x| as β|x| −α , where β is the frequency dependent constant value and α is the path loss exponent. The channels are modeled as independent and identically distributed (i.i.d.) quasi-static Rayleigh fading. We assume TDD mode, where channel reciprocity can be exploited and allows a BS to estimate its DL channels from UL pilots sent by the MUs. Therefore, the resulting number of pilots scales linearly with the number of MUs, and is independent of the number of antennas in contrast to FDD. We consider time division multiple access (TDMA), where several MUs share the same channel in different time slots, thus the BS transmit power is independent of the density of active MUs, and there is no intra-cell interference in each cell. In a snap of time, each MBS can serve U M MUs and each FD SBS serves one DL and one UL MU per channel.
C. BS and MU Transmit Power Allocation
Each MBS and SBS transmit with fixed power, P M and P k , respectively. To limit the UL interference and reduce the overall power consumption of MUs, we employ distanceproportional fractional power control [31] in the UL, where the MU at a distance d from the associated SBS adjusts its transmit power with, P u = ρ k β − d α j , to compensate largescale fading. Note that, 0 ≤ ≤ 1, is the power control factor, and ρ k is the receiver sensitivity of the kth tier SBS.
D. Massive Multiuser MIMO
Each MBS transmit U M data streams using linear zeroforcing beamforming (ZFBF) with the equal transmit power allocation [39] , thus the uncorrelated intra-cell interference is suppressed. We assume sophisticated channel estimation design with sufficient training information that guarantees perfect CSI [40] . In the training phase, each MU sends a pre-assigned orthogonal pilot sequence to the MBS, which is perfectly estimated by the MBS without pilot contamination, therefore the perfect channel state information is available at the BSs and MUs. The non-pilot contamination assumption is valid when the pre-assigned pilot sequences used in different macrocells are orthogonal to each other [41] . The maximum number of MUs per MBS depends on the dimension of the UL pilot field. Accordingly, the number of channel vectors that can be estimated and for which the DL precoder can be designed is determined. In our model, we consider fixed number of MUs served by each MBS.
E. Self-Interference Cancellation for FD Small Cells
The SBS in FD mode receives self-interference from its transmitted signal, and performs self-interference cancellation (self-IC) to combat it. Since, the amount of selfinterference depends on the transmit power of the SBS, we define residual self-interference power after self-IC cancellation as [6] 
where h R S I ,k is the residual self interfering channel of a kth tier BS, and h R S I ,k is characterized according to the cancellation algorithms. For instance, using digital-domain cancellation algorithms, h R S I ,k can be modeled as h R S I ,k = h S,k −ĥ S,k , where h S,k andĥ S,k are the self-interfering channel and its estimate channel, respectively [6] . In [42] , h R S I ,k is regarded as a constant value with |h R S I ,k | 2 = σ 2 e for the estimation error variance σ 2 e . However, modeling h R S I ,k is still challenging for other cancellation techniques, such as analog-domain schemes, propagation-domain schemes, and combined schemes of different domains. The parametrization of the self-IC capability in (1) can make the analysis more generic. Therefore, in our analysis, we consider, a constant value for h R S I ,k , 2 given as
where L d B,k is the ratio between the residual self-interference after interference cancellation and the transmit power at the kth tier BS as defined in [17] .
F. Cell Association
To obtain the strongest received signal, we consider the maximum received power cell association rule in the DL transmission, where the DL MU connects to the BS, which provides the maximum long-term average received power [43] . The average received power at a typical DL MU connected to the MBS m (m ∈ b M ) is expressed as
where the array gain G a of ZFBF transmission is N − U M + 1 [39] . The average received power at a DL MU that is connected to the kth tier SBS b k (b k ∈ b k ), is expressed as
We remind that for the UL transmission, the MUs can only associate with the FD SBSs. Considering that the HD UL MU associated to the nearest BS can maximize the UL SINR [24] , we consider the nearest BS cell association in the UL. Based on the cell association model, the set of interfering MUs and FD SBSs may correlate. However, to maintain model tractability, we assume that the set of interfering MUs is independent of the set of interfering FD SBSs as in [18] .
G. SINR Models 1) DL SINR of a Macrocell MU:
The signal-to-interferenceplus-noise ratio (SINR) for a typical DL macrocell MU u M 0 located at the origin is given as
where 
and
respectively. In (6), (7), and (8), 
α j is the transmit power of the UL MU at a distance of R z,b z from its serving SBS, where ρ j is the receiver sensitivity at the SBS of the j th tier and is the power control factor.
2) DL SINR of a Small Cell MU:
The SINR for a typical DL small cell MU u k 0 located at the origin can be written as 
respectively. In (10) 
where ρ k is the receiver sensitivity of the serving SBS,
is the small-scale fading channel power gain between the typical UL small cell MU and its serving SBS, X o,b k 0 is the corresponding distance, and P R S I (P k ) is the residual self-interference power after performing cancellation given in (1). In (13) 
respectively. In (14) , 
H. Interference Characterization
Characterizing the interference in proposed HCNs is the key challenge in evaluating the system performance. The reason is the difficulty to obtain exact characteristics of the interference from the UL small cell MUs to the DL macrocell MU, 
III. PERFORMANCE EVALUATION
Adjusting the number of antennas at MBSs with multiuser MIMO and the FD SBS densities will affect both the link reliability and ASE of the HCNs. Accordingly, we analyze the performance of the DL and the UL transmission of the HCNs in terms of rate coverage probability and ASE. Since a typical MU can associate with at most one tier, the performance of each tier as well as per tier association probability determine the overall performance of HCNs in the DL and the UL as per the law of total probability. To facilitate the analysis, we first present the per tier association probability.
A. DL Cell Association
The probability that a typical MU is associated with the MBS is given as in [43] , where the transmit powers of the MBSs and SBSs are given in (3) and (4), respectively.
where
Similarly, the probability that a typical MU is associated with the kth tier SBS is given as in [43] 
where is given in (18) .
B. UL Cell Association
In the UL transmission, a typical MUs can only associate with the nearest FD SBS. The probability that a typical MU is associated with the kth tier SBS is given as [43] 
C. DL Rate Coverage Probability
In this section, we derive the DL rate coverage probability of a typical MU in K-tier HCNs. The DL rate coverage probability of a random MU in the K-tier HCNs is given by
where M and DL k are given in (17) and (19) , respectively, C M (R DL ) is the DL rate coverage probability between a typical MU and its serving MBS, and C DL k (R DL ) is the DL rate coverage probability between a typical MU and its serving SBS.
In (21) , the DL rate coverage probability between a typical MU and its serving MBS is defined as
where SINR DL M is given in (5) and γ DL is given as
In (23), R DL is the DL rate threshold. Similarly, the DL rate coverage probability of typical MU at a distance X o,u k 0 from its associated SBS in the kth tier is defined as
where SINR DL k and γ DL are given in (9) and (23), respectively.
Theorem 1: The DL rate coverage probability of a typical MU associated with the MBS is derived as
is over all n-tuples of non-negative integers (m 1 , . . . , m n )
M is given by (17) , γ DL is given in (23) , and ζ(.), ψ (1) (.), and ψ (l) (.) are given in (27) , (27) , and (28) , respectively, at the top of the next page. In (27) , (27) and (28) 
where is given in (18) . Proof: See Appendix A. Theorem 2: The DL rate coverage probability of a typical MU associated with the kth tier SBS is derived as
where , DL k , γ DL , and (.) are given in (18) , (19) , and (23) , as shown at the top of the next page, and (32), respectively. In (32) , 
In (33) , is given in (18) .
Proof:
The proof follows analogous steps to Theorem 1.
D. DL Area Spectral Efficiency
The DL ASE measures the capacity of HCNs in the DL defined in [11] and [46] . In this section, we define the DL ASE of the proposed model as
, and γ DL are given in (25) , (31) , and (23), respectively.
In the following, we present the UL performance metrics which reflect the effect of the self-IC, the density of SBSs, the transmit power of SBSs, and the power control on the UL performance in the HCN. We characterize the UL performance in terms of the UL rate coverage probability and the UL ASE.
E. UL Rate Coverage Probability
In this section, we derive the UL rate coverage probability using
where UL k is given in (20) , and C UL k (R UL ) is the UL rate coverage probability between a typical MU and its serving SBS defined as
where SINR UL k is given in (13) and γ UL is given as
and R UL is the UL rate threshold. Theorem 3: The UL rate coverage probability of a typical MU associated with the kth tier SBS is derived as
where UL k , γ UL , and |h R S I ,k | 2 are given in (20) , (38) and (2), respectively. In (39), ϒ(.) is given in (40) at the bottom of the this page.
Proof:
F. UL Area Spectral Efficiency
In this section, we derive the UL ASE in the K-tier HCNs. The UL ASE measures the capacity of HCNs in the UL, given as
where C UL k (R UL ) and γ UL are given in (39) and (38) , respectively.
IV. ASYMPTOTIC PERFORMANCE EVALUATION:
MASSIVE MULTIUSER MIMO REGIME
In this section, we analyze the asymptotic performance of K -tier HCNs in which MBSs are equipped with massive multiuser MIMO antennas. The large number of antennas focusses energy into ever smaller regions of space to bring huge improvements in throughput and energy efficiency. We refer to the massive multiuser MIMO regime as the case where
A. SINR Models 1) DL SINR of a Macrocell MU:
With massive multiuser MIMO at the MBSs, the SINR for a typical DL macrocell MU defined in (5) can be simplified to
where the massive multiuser MIMO gain, N − U M + 1, and the impact of equal power allocation per backhaul stream (i.e., the denominator of MBS's transmit power
) have already been incorporated in (45) .
In (42),
, the approximation in (a) results due to the fact that with the large number of U M , i.e., (1 < U M N), the small scale channel fading vanish by the channel hardening effect as in [21] . In (42) (7) and (8), respectively.
2) DL SINR of a Small Cell MU:
For the massive multiuser MIMO, the DL SINR for a typical small cell MU defined in (9) can be given as
where (11) and (12), respectively.
3) UL SINR of a Small Cell MU:
For the massive multiuser MIMO case, the UL SINR for a typical SBS given in (13) can be written as
, i.e., no shortterm fading factor due to channel hardening effect. In (44) , (1), (11) and (12), respectively.
B. Asymptotic DL Rate Coverage Probability
In this analysis, we use the following formula for the DL rate coverage probability of the macrocell with massive multiuser MIMO [45] 
and γ DL and are given in (23) and (18), respectively. The DL and UL rate coverage probabilities definitions for the small cells in the massive multiuser MIMO case will be the same as in the multiuser MIMO case, which are defined as (24) , and (37), respectively.
We present the asymptotic DL rate coverage probability of a typical MU associated with the MBS and the kth tier SBS in Theorem 4 and Theorem 5, respectively.
Theorem 4: For the massive multiuser MIMO regime, the DL rate coverage probability of a typical MU associated with the MBS is derived as
where (r ) are given in (17) , (46), (18) 
2 (x, w)
3 (x, w)
, (18), (33) , and (A.8), respectively.
Proof:
The proof follows analogous steps to Theorem 4.
C. Asymptotic UL Rate Coverage Probability
We present the asymptotic UL rate coverage probability of a typical MU associated with the kth tier SBS in Theorem 6.
Theorem 6: For the massive multiuser MIMO regime, the UL rate coverage probability of a typical MU associated with the kth tier SBS is derived as
and UL k and γ UL are given in (20) and (38), respectively. Proof:
Even though the asymptotic DL and UL rate coverage probabilities' expressions in Theorem 4, 5, and 6 are composed of four integrals, they can be computed in less time compared to the corresponding simulations.
V. PERFORMANCE COMPARISON WITH
THE CONVENTIONAL HD HCNs In order to compare the performance of the proposed HCNs with FD SBSs with that of the conventional HD HCNs with HD SBSs, we define the total ASE of a random MU in HCNs as
where ASE DL and ASE UL are given in (35) and (41), respectively. Furthermore, we define the ASE of FD small cell MUs as
where ASE DL SBS and ASE UL are given in (35) and (41), respectively.
VI. NUMERICAL RESULTS
In this section, we investigate the system performance in the DL and the UL in terms of the rate coverage probability and the ASE of HCNs with multiuser MIMO antennas at the MBSs and FD operation at the SBSs. We compare the performance of HCNs with multiuser MIMO at MBSs and FD at SBSs with that of massive multiuser MIMO at MBSs and FD at SBSs. We plot the DL rate coverage probability, the DL ASE, the UL rate coverage probability, and the UL ASE using (21), (35), (36) , and (41), respectively. We validate the accuracy of the derived expressions for a two-tier HCNs with network radius A n = π(1000) 2 km 2 consisting of HD macrocells with density λ b M and FD small cells with density λ b 2 , via Monte Carlo simulations. The interference approximations in Section II-H are not made in the simulation. The simulation is repeated and averaged over 10,000 iterations. The results presented in the figures of this section validate the accuracy of our approach to characterize the interferences and show that the assumptions made have a minor effect on the accuracy of the proposed analytical model. Unless specified, the parameter values used in this section are listed in Table II . Fig. 5(a) and Fig. 5(b) compare the DL and the UL rate coverage probability with the multiuser MIMO at the MBS to that with massive multiuser MIMO at the MBS as a function of the number of antennas at the MBS. We see that the asymptotic rate coverage probability of small cell MU closely matches the exact rate coverage probability in DL and UL both for small and large N. This observation can be attributed to the fact that changing N at the interfering MBS does not change the distributions of short term fading factors h x,u k 0 in (10) and h x,b k 0 in (14) , for the exact case, which are ignored in the asymptotic case due to channel hardening effect. As expected, the DL rate coverage probabilities of the macrocell MU and the small cell MU in massive multiuser MIMO case is higher than those in multiuser MIMO case due to the large antenna array gain. However, the UL rate coverage probability of MU remains constant with increasing N for both small and large N due to that: 1) the UL MU can only associate with the SBSs, and 2) the interferences from N MBS antennas do not add coherently such that for the same total transmit power, the interference level from a MBS to an UL MU is the same, regardless of the number of N under i.i.d. Rayleigh fading channels. Fig. 3 compares the DL and the UL rate coverage probability with massive multiuser MIMO at the MBS as a function of the ratio between the SBSs density to the MBSs density
A. Impact of Number of Multiuser MIMO/Massive Multiuser MIMO Antennas at the MBS on the DL and UL Rate Coverage Probability
B. Impact of Number of SBSs Density on the DL and UL ASE
The increase in λ b 2 improves the DL rate coverage probabilities of macrocell MU and small cell MU. This is according to the the fact that increasing λ b 2 decreases the distance between the typical small cell MU and the serving SBS. Thus, the MUs transmit with less power due to distanceproportional fractional power control, which in turn reduces the UL interference for the macrocell MU and the small cell MU. However, increasing λ b 2 decreases the UL rate coverage probability due to the increased interference from larger number of SBSs. Fig. 4 compares the ASE of the proposed HCNs with FD SBSs to that of the conventional HCNs with HD SBSs. We plot the ASE of a random MU in the proposed HCNs using (60), and that in the conventional HCNs using ASE DL in (35) with (9) . We plot the ASE of a small cell MU of the proposed HCNs using (61), and that of conventional HCNs using ASE DL SBS in (35) with no UL interference from the MUs, i.e., I u s ul ,u k 0 = 0 in (9) . The ASE of the proposed HCNs is observed to be higher than that of the conventional HCNs. This suggests the ASE improvement brought by simultaneous transmission in DL and UL due to FD SBSs which dominates the resulting additional interferences. With the increase in the number of antennas at the MBSs, the ASE of the HCNs increases due to the increase in the rate coverage probability with larger N as shown in Fig. 2b . Moreover, similar trends are observed for the small cell tier with improved ASE than that of the HCNs. Fig. 5(a) and Fig. 5(b) examine the trade-off between the DL ASE and the DL rate coverage probability versus the ratio between density of SBSs to density of MBS (μ = λ b 2 /λ b M ) and the number of MBS antennas both for multiuser MIMO and massive multiuser MIMO at the MBSs. In Fig. 5(a) and Fig. 5(b) , we consider = 0 and the transmit power at the MU P u is taken as 23 dBm. Clearly, the DL ASE and rate coverage probability with massive multiuser MIMO at the MBS are higher as compared to those with multiuser MIMO at the MBSs due to sharp beamforming. The massive number of antennas at MBSs brings the higher DL rate coverage probability and ASE.
C. Performance Comparison of the Proposed HCNs With the Conventional HCNs
D. Impact of SBS Density With Different Number of MBS Antennas on the DL Performance
The DL ASE and the rate coverage probability of macrocell MU decreases with increasing the SBSs density due to the increased interference from SBSs. However, increasing the SBSs density λ b k increases the DL ASE, but decreases the DL rate coverage probability of small cell MU. With the increase in the SBSs density, the number of DL small cell transmissions and the aggregate interference from small cells increase, which results in a trade-off between DL ASE and rate coverage probability for the small cell MUs. We have shown that the UL interference can be reduced by employing UL power control in the UL, which improves the DL rate coverage probability in Fig. 3 . Fig. 6 plots the DL and UL ASE and rate coverage probability as a function of the transmit powers at the MBSs and SBSs. In Fig. 6 , we consider = 0 and the transmit power at the MU P u is taken as 23 dBm. Increasing the MBS transmit power increases the DL ASE and the rate coverage probability of all tiers, which is due to the increase of SINR DL M in (5) , and the reduced distance between the typical small cell MU and the associated SBS. Moreover, we observe the decrease in the UL ASE and the UL rate coverage probability with the increase in P M and P k , which is due to the increased cross-tier and cotier interferences as can be seen from (13) . Furthermore, we observe that the increase in the SBS density increases the UL rate coverage probability in contrast to the decreased DL rate coverage probability for small cell MU as shown in Fig. 5a and Fig. 5b , which is due to the decreased distance between the UL small cell MU and the serving SBS. It can thus be concluded that the SBS density and the BS transmit power of each tier can be tuned to achieve joint DL and UL performance gains with FD SBSs. Fig. 7 examines the impact of the SI cancellation capability L d B on the DL and UL rate coverage probabilities. As expected, increasing L d B decreases the UL rate coverage probability of the small cell MU. Moreover, increasing the SBS transmit power decreases the UL rate coverage probability of the small cell MU, due to the increased self interference. However, increasing the SBS transmit power increases the DL rate coverage probability of a random MU, due to the increase of SINR DL k in (44) . Fig. 8 plots the DL and the UL rate coverage probability versus the receiver's sensitivity at SBSs ρ 2 for various power control factors . Increasing ρ 2 increases the UL rate coverage probability, and degrades the DL rate coverage probability. This is due to the reason that decreasing the the SBS receiver sensitivity (i.e., an increase in ρ 2 ) increases the transmit power required at each MU to perform channel inversion towards serving SBS, which in turn increases the useful signal power at the its associated SBS and the interference at the other BSs and MUs. Similarly, higher power control factor improves the UL performance, but degrades the DL performance. These results demonstrate that ρ 2 and can be optimized for joint DL and UL performance gain. We also compare the DL and UL performance of HCNs with UL power control to that without UL power control when the MUs transmit power is P u = 23 dBm. The UL rate coverage probability in HCNs without UL power control is shown to be very small due to the increased inter-cell interference from the UL MUs.
E. Impact of SBS Density With Different MBS and SBS Transmit Powers on the DL and UL Performance
F. Impact of SI Cancellation Capability With Different SBS Transmit Power on the DL and UL Performance
G. Impact of Receiver Sensitivity at the SBS With Different Power Control Factors
VII. CONCLUSION
In this paper, we have presented a tractable model for massive multiuser MIMO-enabled HCNs with FD small cells. Relying on stochastic geometry, we have derived the analytical expressions for DL rate coverage probability and ASE for macrocell and small cells, and UL rate coverage probability and ASE for small cells. We have also presented the asymptotic expressions as the number of antennas at MBS goes to infinity. Numerical results demonstrated the benefits brought by massive multiuser MIMO in achieving high rate coverage probability and the benefits brought by of FD SBSs in achieving high ASE. It is shown that the SBSs density and the number of antennas at the MBSs can be used as design parameters to target optimal DL ASE and DL rate coverage probability. The results also demonstrate that, to achieve similar performance in the DL and the UL, UL power control should be employed. With the advancements of massive multiuser MIMO and SI cancellation in FD, the proposed HCNs will prove to be a promising candidate for 5G systems.
APPENDIX A PROOF OF THEOREM 1 From (22), the rate coverage probability of the macrocell tier is given by deconditioning over
where f |Xo,M| (x) is the PDF of the distance between a typical MU and its serving MBS given by [43] as follows (5) into (A.1) and simplifying we obtain where (a) follows from the probability generating functional of a PPP and the fact that the UL interference field is a nonhomogeneous PPP with distance dependent density function given as where ζ(s) is given by (27) . Substituting (A.9) into (A.3), simplifying using the Faa di Bruno's formula, and finally plugging into (A.1), we obtain (25) .
APPENDIX B PROOF OF THEOREM 2
The rate coverage probability of a typical MU associated with the kth tier SBS is evaluated following the similar steps as of Theorem 1 with the PDF of the distance between a typical DL MU and its serving SBS is given by [43] 
APPENDIX C PROOF OF THEOREM 3
The UL rate coverage probability of a typical MU associated with the kth tier SBS is evaluated following the similar steps as of Theorem 1 with the PDF of the distance between a typical UL MU and its serving SBS is given by [43] Based on (42), the DL rate coverage probability of the macrocell with massive multiuser MIMO at the BSs, can be given as
where we resort to apply the Gil-Pelaez inversion theorem [48] and the CDF of the interference F I u M 0 mM (.) can be derived as 
